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3.7 Inverse & Reciprocal Trig Functions
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3.7.1Reciprocal Trig Functions

Reciprocal Trig Functions
What are the reciprocal trig functions?

= There are threereciprocal trig functions that each correspond to either sin, cos or tan
= Secant(secx)

1

COS X
= Cosecant(cosecx)

1
sin x
= Cotangent(cotx)

1

tan x
= Theidentities above for sec xand cosec x are givenin the formula booklet
= Theidentity for cot xis not given, you willneed to rememberit
= Agoodwaytorememberwhich functionis whichis tolook at the third letterin each of the
reciprocal trig functions
= cotxislovertanxetc
= Each of thereciprocal trig functions are undefined for certain values of x
= secxisundefinedforvalues of xforwhichcosx=0
= cosec xisundefined forvalues of x forwhich sinx=0
= cotxisundefinedforvalues of x forwhichtanx=0
= Whentanxisundefined,cotx=0
sin x
= Rearranging theidentitytan x = ——— gives
O0S X

= SCCX =

= COSCC X =

= COtXx =

COS X

s COtX = —
Sin X

= Thisisnotinthe formula booklet butis easily derived
= Becarefulnot to confuse the reciprocal trig functions with the inverse trig functions

1
= sin"l x #—
sin x

What do the graphs of the reciprocal trig functions look like?

= The graph of y = secx has the following properties:
= They-axisis aline of symmetry
= |thasaperiodof 360° (2mtradians)
= There are vertical asymptotes wherevercos x = 0
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= If drawing the graph without the help of a GDC it is a good idea to sketch cos x first and /
draw thesein
= The domainis all xexcept odd multiples of 90° (90°,-90°,270°,-270°, etc.) Your notes

= inradians thisis all xexcept odd multiples of t/2 (1/2, - /2, 311/2, -31/2, €tc.)
= Therangeisy<-loryz21

YA
y=secX
—450° =270° -90° 90 ° 270° 450°
0 “X
s 3 T T 397 sqT
2 2 2 2 2 2
_/| .

= The graph of y = cosec x has the following properties:
= |thasaperiod of 360° (2mtradians)
= There are vertical asymptotes whereversinx =0
= |fdrawing the graphitis a goodidea to sketch sin x first and draw these in
= The domainis all x except multiples of 180° (0°,180°,-180°, 360°, -360°, etc.)
= inradiansthisis all xexcept multiples of (O, 1, - 11, 211, -211, €tC.)
= Therangeisy<-Tory=>1
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y = cosec X
:1_
-360 —180° 180° 360
—
0 X
=281 =91 ar 29T
_!| .

= The graph of y = cot x has the following properties
= |thasaperiod of 180° ormradians
= There are vertical asymptotes wherevertanx =0
= The domainis all xexcept multiples of 180° (0°,180°, -180°, 360°, -360°, etc.)
= [nradians thisis all xexcept multiples of 1t (O, 1, - 11, 211, - 211, €tC.)
= TherangeisyeR (i.e.cot cantake anyrealnumbervalue)
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) s

y=cotx Your notes
41 -
-360 -180° 180° 360
—
0 X
=297 =9 a 29T
_4 -

O Examiner Tip

To solve equations with the reciprocal trig functions, convert them into the regular trig functions
and solve in the usual way

Don't forget that both tan and cot can be written in terms of sin and cos
You will sometimes see cscinstead of cosec for cosecant
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@ Worked example
Your notes

Without the use of a calculator, find the values of

a) T
S€C —/—
6
|
Sec LS -
‘ g () Cos (X
the third (ettecr 6
s ¢ So Sec s reloked Kcos (%) T
ko Cos = | Volue you should know .
3
v
7
Ty _ &
Sec (_6-) =73
b)  cot45°
N e
CO{ 4—5 - t&n‘rao
the third (ettec 4 R_
s £ So cot (s reloked | tanlS' s an exock
ko EQ“' = —I Vollue dOu\. should kvow .
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Pythagorean Identities
What are the Pythagorean Identities?

= Aside from the Pythagorean identity sin?x + cos?x = 1 there are two further Pythagorean identities you
willneedtolearn

« 1+tan? f=sec? 0
= 1+ cot? §=cosec? 0
= Bothcanbe foundinthe formula booklet
= Bothof these identities can be derived from sin?x + cos2x = 1
= To derive the identity for sec2x divide sin?x + cos2x = 1 by cos2x
= To derive the identity for cosec2x divide sin?x + cos?x = 1 by sin?x

sin’x + cos*x =1

. 2 .
= COS™ X =SIn" X
sin’x  cos®x _ 1 sin”x L cos’x _ 1
cos?x  cos?x cos?x sin?x sin®x sin?x

2
tan’x + 1 = sec?x 1+ cot'x = cosec’x

O Examiner Tip

Allthe Pythagorean identities can be found in the Topic 3: Geometry and Trigonometry section of the
formula booklet
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@ Worked example ,
Your notes
Solve the equation 9 sec?26-11=3tanfintheinterval 0 << 2m.

9sec?® - Il = 3tan O , 0<€6s1I

}
Consider how this . .
could be aho.nse_a’\ %e k& Jeven
to use bton'+(= gect n Yeerms of T

so work in vodians

(Usec?6 -9) -7 = 3ton®
9(sec?® - 1) -2 = 3tand
Ron'd -3kand -2=0
(3 tonB - 2)(3kond +1) = O
tonB ='%— = 0= 05880 .
or Q=T+ (05880. = 3729..
o tand =-3 = 6 = -0.321%.
or 6

ond 6

T+(-03217%.)=2%19...

27+ (_ 0.321%.) = 5.951...

6= 0588, 2.82, 3#3, 596 (3s.f)
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3.7.2Inverse Trig Functions /

Your notes

Inverse Trig Functions

What are the inverse trig functions?

The functions arcsin, arccos and arctan are the inverse functions of sin, cos and tanrespectively when
theirdomains are restricted
= sin(arcsinx)=x for -1<x<1
= cos(arccosx)=x for -1<x<1
= tan(arctanx)=x forallx
You will have seen and used the inverse trig operations many times already
= Arcsinis the operationsin-!
= Arccosisthe operation cos™!
= Arctanis the operationtan-!
The domains of sin, cos, and tan must first be restricted to make them one-to-one functions
= Afunctioncanonly have aninverseifitis a one-to-one function
The domain of sinxisrestrictedto -mt/2<x<m/2 (-90°<x<90°)
The domain of cos xisrestrictedtoO0<x<m (0°<x<180°)
The domain of tan xisrestrictedto -mt/2 < x<m/2 (-90° < x<90°)
Be aware that sin"'x, cos™'x, and tan-! x are not the same as the reciprocal trig functions
= Theyare usedto solve trigequations such as sinx = 0.5 for all values of x
= arcsinxis the same as sin-! x but not the same as (sin x)~!

What do the graphs of the inverse trig functions look like?

The graphs of arcsin, arccos and arctan are the reflections of the graphs of sin, cos and tan (after their
domains have beenrestricted)intheliney =x

= The domains of arcsinxand arccos xare both-1<x<1

= Therange of arcsinxis-m/2<y<T1/2
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I y=darcsinx
2
. e
-1 '
_Jr
2
= TherangeofarccosxisO<y<m
2\
I -
b3
y=drccosx
. —=
-1 0] 1 X
= Thedomainof arctanxisxe R
= Therange of arctanxis-m/2 <y <1/2
= Note that there are horizontal asymptotes at /2 and -11/2
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2 y=drctanx
—
0 X
e RN (O O ., e
2

How are the inverse trig functions used?

= Thefunctions arcsin, arccos and arctan are used to evaluate trigonometric equations such as sinx =
0.5
s |[fsinx=0.5thenarcsin 0.5 =xforvalues of xbetween -mi/2 <x<T11/2
= You canthenuse symmetries of the trig function to find solutions over otherintervals
= Theinverse trig functions are also used to help evaluate algebraic expressions
= Fromsin(arcsinx) = xwe can also say that sin"(arcsinx) = x" for -1<x<1
= [fusinganinverse trig function to evaluate an algebraic expression then remember to consider the
domain andrange of the function
= arcsin(sinx) =x only for -/2<x<1/2
= arccos(cosx)=x onlyfor O<x<m
= arctan(tanx) =x only for -1/2 <x <1/2
= The symmetries of the trig functions can be used when values lie outside of the domain orrange
= Using sin(x) = sin(1t - x) you get arcsin(sin(21/3)) = arcsin(sin(1t/3)) = 11/3

O Examiner Tip

= Make sure you know the shapes of the graphs for sin, cos and tan so that you can easily reflect

themintheline ¥ = X and hence sketch the graphs of arcsin, arccos and arctan
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@ Worked example A/

Your notes

T
Given that X satisfies the equation arcCosS X = k where ? <k < T, statethe range of possible

values of X.

I arccosx =k, then x = cosk (cos(arceos o) = o)

L :j: COSk

For -';_5<k<.?11 , -\1<cosk <O

-1¢ 220
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